Abstract. In this paper, we show that the semi-linear elliptic systems of the form
− u − μ v = g(x, v), − v − λ u = f (x, u), x ∈ , u = v = 0, x ∈ ∂(
Introduction.
In this paper, we consider the existence of non-trivial solutions of non-linear elliptic systems
where ⊂ ‫ޒ‬ N is a smooth bounded domain, λ and μ are non-negative numbers, f (x, t) and g(x, t) are continuous functions on × ‫ޒ‬ and asymptotically linear at infinity for t.
In the case of λ = μ = 0, in recent years, much attention has been paid to the existence of non-trivial solutions of problem (1.1) for the case that f and g are superlinear, see [1] , [2] , [3] , [7] and references therein. In [4] , G. Li and J.Yang considered the asymptotically linear elliptic systems
it obtained a positive solution by using linking theorem under the Cerami compactness condition.
If λ, μ = 0, the problem has some new features. First, by the Pohozaev-type identity, the parameters λ and μ affect the sub-critical range of the growth of non-linear terms at infinity. Second, if λμ < 1, the decomposition of the space in the framework involves the parameters, see [5, 6] . Moreover, f and g are superlinear in [5] and are asymptotically linear in [6] .
In this paper, we will consider asymptotically linear elliptic systems (1.1) in E = H and we have
Then we may introduce a new inner product on E by the formula
and the corresponding norm is
The norms · and · E are then equivalent if λμ > 1 by (1.2). We assume that f and g satisfy
(H4) f (x, t)/t and g(x, t)/t are non-decreasing in t ≥ 0 for x ∈ . Let λ 1 be the first eigenvalue of (− , H We will use Mountain Pass theorem to prove Theorem 1.1. As a by-product, we show that
is achieved by some z 0 = (u 0 , v 0 ) with u 0 ≡ 0, v 0 ≡ 0. Theorem 1.1 will be proved in Section 2.
Existence results.
Suppose in this section λ, μ satisfies λμ > 1 and λ 1 < A. By (H 1 ) − (H 3 ), it is easy to see that there is a 2 < p < 2N/(N − 2) if N > 2 and 2 < p < +∞ if N ≤ 2 and that for any > 0 there is a c > 0 such that for ∀(x, t) ∈ × ‫,ޒ‬
So the corresponding energy function
is well defined on E and class C 1 (E, ‫,)ޒ‬ where F(x, t) = t 0 f (x, s) ds and G(x, t) = t 0 g(x, s) ds. Moreover, the Fréchet derivative I satisfying
Sequence {z n } ⊂ E is called the Palais-Smale sequence of a C 1 function I on E at level c ((PS) c -sequence for short) if I(z n ) → c and I (z n ) → 0 as n → ∞. To get a (PS) c -sequence, we will use the Mountain Pass theorem cited in [8] . PROPOSITION 
Let E be a Hilbert space, I ∈ C 1 (E, ‫,)ޒ‬ e ∈ E and r > 0 such that e > r and b := inf z =r I(z) > I(0) ≥ I(e). Let c be characterised by c := inf
Then, there exists a sequence {z n } ⊂ E such that I(z n ) → c and I (z n ) → 0 as n → ∞. Proof. (a) It follows from (2.1) and the Sobolev embedding theorem that for any > 0 there is a c > 0 such that 
. It is apparent that (u, v) = (u, kṽ) is a nontrivial solution pair of the problem
that is
By (H 3 ) and (H 4 ), we have
By the definition of k we know that
, and hence
The proof is complete. Proof. Proposition 2.1 and Lemma 2.1 implies that there exists a (PS) c −sequence {z n } ⊂ E for I, that is
where c > 0. To get a non-trivial solution, we only need to show that {z n } is bounded in E. For this purpose, we suppose, by contradiction, that z n → ∞ as n → ∞ and let
Obviously, {w n } is bounded in E. By extracting a sub-sequence, we may suppose that
as n → ∞, where w = (w 1 , w 2 ).
We claim that
In fact, by (H 2 ) − (H 4 ), we see that there exists M > 0 such that |f (x, t)/t| ≤ M, |g(x, t)/t| ≤ M for all x ∈ and t ≥ 0. Supposing w ≡ 0, by Sobolev embedding theorem that, w
Then it follows from (2.4) and (2.5) that
as n → ∞, which is impossible as c > 0. Hence, the claim is proved. Set Letting n → ∞, we obtain 
